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Appendix A: Model 1 (Mechanistic Model): Dynamic Model of DME Progression and 

Anti-VEGF Response 

 

A.1 Conceptual Framework 

 DME progression is driven by systemic metabolic factors (HbA1c, BP, and glycemic 

variability) that influence retinal vascular pathophysiology. In order to model this, we 

derive a dynamic system that captures (1) VEGF production as a function of HbA1c 

and BP, (2) Edema formation due to VEGF-driven vascular leakage, and (3) anti-VEGF 

treatment effect as an impulse function. 

 

A.2 Key Variables 

We limit the model to HbA1c, BP, and glycemic variability based on their (1) 

established mechanistic roles in DME pathogenesis, (2) strong evidence for clinical 

utility, and (3) feasibility for real-world implementation. While other factors (e.g., 

lipids, renal function) may contribute to DME, they lack consistent, actionable 

evidence for guiding anti-VEGF interval adjustments. This precedence is demonstrated 

by the UKPDS Risk Engine and the CHA₂DS₂-VASc score,1-2 which are widely adopted 

for cardiovascular disease (CVD) and stroke risk prediction in atrial fibrillation, 

respectively, because they effectively balance predictive accuracy with clinical 

usability by relying on a few key variables. 
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A.3 Mathematical Model 

A.3.1 VEGF Dynamics (!"($)
!$

) 

A.3.1.1 Biological Basis and Supporting Evidence 

A.3.1.1.1 Glycated Hemoglobin (HbA1c) 

Numerous studies have demonstrated the link between HbA1c control and treatment 

outcome with anti-VEGF.3-6 HbA1c serves as a long-term indicator of glycemic control. 

Elevated HbA1c levels reflect sustained hyperglycemia, a primary driver of diabetic 

complications, including DME.7 Chronic hyperglycemia, in turn leads to the non-

enzymatic glycation of proteins and lipids, forming Advanced Glycation End-products 

(AGEs). These AGEs accumulate in various tissues, including the retina, and plays a 

pivotal role in the pathogenesis of diabetic vascular complications.8  

The detrimental effects of AGEs are largely mediated through their interaction with 

specific cell surface receptors, particularly the Receptor for Advanced Glycation End-

products (RAGE). RAGE is expressed on various cell types relevant to retinal 

vasculature, including endothelial cells, pericytes and Müller glial cells. The bind of 

AGEs to RAGE initiates a cascade of intracellular signaling events; with the Nuclear 

Factor-kappa B (NFκB) as one of the most critical activated pathways.9-10  

NFκB is a transcription factor that, upon activation, translocates to the nucleus and 

promotes the transcription of numerous genes involved in inflammation, oxidative 

stress, and angiogenesis. Among the genes up-regulated by NFκB activation is the gene 

encoding VEGF; a potent cytokine that drives angiogenesis and increases vascular 

permeability, both of which are central to the development and progression of DME. 

Increased vascular permeability leads to leakage of fluid and plasma components into 

the retina, resulting in DME.11 
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A.3.1.1.2 Blood Pressure (BP) 

Numerous clinical and population studies have confirmed the association between 

hypertension and DME.12-18 Shah et al, on the other hand, has shown that diabetic 

patients with lower BP required less anti-VEGF treatments.19 While the precise 

mechanisms are complex, high BP directly impacts the delicate retinal 

microvasculature primarily by increasing hydrostatic pressure within the capillaries.  

The retinal vasculature is characterized by the blood-retinal-barrier (BRB), which is 

maintained by tightly regulated endothelial tight junctions. Elevated hydrostatic 

pressure, driven by systemic hypertension, exerts mechanical stress on the endothelial 

cells lining the retinal capillaries, which in turn causes disruption of the endothelial 

tight junctions, increasing vascular permeability. Furthermore, chronic hypertension 

can induce remodeling of the retinal arterioles, leading to vessel constriction and 

potentially exacerbating downstream hydrostatic pressure in capillaries.20-22 

While hypertension might not directly up-regulate VEGF synthesis to the same extent 

as hyperglycemia, the increased hydrostatic pressure and compromised BRB create an 

environment where even basal levels of VEGF can have a more pronounced effect on 

leakage. Moreover, endothelial dysfunction induced by hypertension can itself 

stimulate inflammatory processes and contribute to a pro-angiogenic state, indirectly 

influencing VEGF.23 
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A.3.1.1.3 Glycemic Variability  

Beyond average glycemic control (HbA1c), glycemic variability is increasingly 

recognized as an independent risk factor for DME.24-27 The primary mechanism by 

which glycemic variability contributes to vascular damage and VEGF up-regulation is 

through the generation of oxidative stress.28 Rapid changes in glucose concentrations 

overwhelm the cellular antioxidant defense systems. Intermittent hyperglycemia, in 

particular, lead to transient but significant increases in reactive oxygen species (ROS) 

production within endothelial cells and other retinal cells.29 This “glucose oscillation” 

effect is believed to be more detrimental than sustained high glucose at a constant 

level.30-32  

Oxidative stress, in turn, acts as a potent signaling molecule that activates various pro-

inflammatory and pro-angiogenic pathways. Similar to the AGE-RAGE pathway, 

oxidative stress can activate NFκB and other transcription factors that promote the 

expression of VEGF.33-35 It can also impair nitric oxide (NO) bioavailability, further 

contributing to endothelial dysfunction and increased vascular permeability.36-38 The 

damage caused by oxidative stress also destabilizes cellular integrity and can trigger 

inflammatory responses that amplify VEGF signaling.39,40  

 

A.3.1.1.4 Summary 

HbA1c, BP, and glycemic variability each contribute through distinct yet 

interconnected biological pathways of the pathology of DME, primarily by promoting 

VEGF expression and enhancing vascular permeability. Understanding these 

fundamental mechanisms provides the biological rationale for integrating these 

systemic risk factors into a comprehensive model for optimizing anti-VEGF injection 

intervals.  
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A.3.1.2 Equation (1) 

The rate of change in VEGF concentration is modeled as: 

𝑑𝑉(𝑡)
𝑑𝑡 = 𝑃sys(𝐻(𝑡), 𝐵(𝑡), 𝐺(𝑡)) − 𝛿"𝑉(𝑡) − 𝑅anti(𝑉(𝑡), 𝐼(𝑡)) 

where: 

• 𝑃sys represents the systemic driver-induced VEGF production rate, a function of 

HbA1c (𝐻), blood pressure (𝐵), and glycemic variability (𝐺). This term 

aggregates contributions from: (i) HbA1c-mediated advanced glycation end-

product (AGE) signaling (AGE–RAGE–NF-κB pathway); (ii) BP-induced 

hydrostatic and mechanical stress on the vasculature; and (iii) oxidative stress 

from glycemic variability, which amplifies VEGF transcription and signaling. 

The production term aggregates pathogenic contributions: 

𝑃&'& = 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() + 𝛼,

· max(0, 𝐺(𝑡) − 𝐺() 

• 𝛾- is the natural decay rate constant of VEGF. 

• 𝑅anti(𝑉) models the saturable anti-VEGF drug effect, formulated using Michaelis-

Menten kinetics (𝑅.*$/(𝑉) = 𝛿- · 𝐼(𝑡) ·
"($)

0!1"($)
) to reflect the finite binding 

capacity of VEGF ligands. 
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Thus:  

𝑑𝑉(𝑡)
𝑑𝑡 = 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() 

+𝛼, · max(0, 𝐺(𝑡) − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 𝐼(𝑡) ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

where: 

• 𝑉(𝑡) : VEGF at time t (pg•mL-1) 

• 𝛼( : baseline VEGF production rate (pg•mL-1•day-1) 

• 𝛼) , 𝛼+ , 𝛼,  : Scaling coefficients for pathological VEGF production driven by 

excess HbA1c, BP, and glycemic variability, respectively (with units pg•mL-

1•day-1•%-n,  

• pg•mL-1•day-1•mmHg-1, pg•mL-1•day-1•%CV-1) 

• 𝐻(𝑡), 𝐵(𝑡), 𝐺(𝑡): Time-varying HbA1c (%), systolic BP (mmHg), and glycemic 

variability (%CV) 

• 𝐻(, 𝐵(, 𝐺( : Threshold values for pathogenic onset of each driver 

• 𝑛 : Hill coefficient (modeling AGE–RAGE cooperativity; assumed 𝑛 = 2) 

• 𝛾-  : VEGF clearance rate (day-1)  

• 𝛿- : Maximum rate of VEGF removal due to anti-VEGF (pg•ml-1day-1)  

• 𝐼(𝑡) : Anti-VEGF treatment indicator, a binary function (1 at injection, 0 

otherwise). This is a simplification representing the immediate presence of drug. 

• 𝐾2 : Michaelis constant (pg•mL-1), represents the VEGF concentration at 

which the anti-VEGF removal rate is half of its maximum (𝛿V/2). It provides a 

measure of the “affinity” or efficiency of the anti-VEGF effect at lower VEGF 

concentrations.  
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A.3.1.3 Interpretation and Plausibility of Equation (1) 

The equation models VEGF dynamics as a balance between production and clearance 

(decay and anti-VEGF effect). 

 

A.3.1.3.1 HbA1c-driven VEGF production 

High HbA1c leading to increased VEGF production is well established.41-43 The 

concept of HbA1c threshold (𝐻() is plausible, as a certain level of HbA1c may be 

considered normal or insufficient to induce VEGF production. The Hill coefficient for 

cooperativity (𝑛 = 2) for AGE-RAGE coorperativity, consistent with receptor-ligand 

binding kinetics, suggests a non-linear and potentially accelerating response.44  

 

A.3.1.3.2 𝛼(  (baseline VEGF production rate)  

In order to ensure biological realism, the model incorporates a basal VEGF production 

rate. This acknowledges that VEGF is constitutively expressed at low levels even in 

healthy individuals, playing essential roles in vascular homeostasis and normal retinal 

function. While pathological stimuli from elevated HbA1c and BP drive an increase in 

VEGF production, a non-zero baseline is crucial for accurately representing 

physiological processes. This aligns with observation that vitreous VEGF is detectable 

even in normoglycemic states, with production rising nonlinearly in response to 

hyperglycemia.45 
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A.3.1.3.3 Threshold behavior (𝐦𝐚𝐱(𝟎,𝑯(𝒕) − 𝑯𝟎),𝐦𝐚𝐱(𝟎, 𝑩(𝒕) − 𝑩𝟎),𝐦𝐚𝐱(𝟎, 𝑮(𝒕) −

𝑮𝟎)) 

This captures the idea that VEGF production only escalates when HbA1c, BP, or 

glycemic variability exceed critical thresholds (e.g., HbA1c > 7%, systolic BP > 140 

mm Hg, glycemic variability > 33%). Biologically, this aligns with (1) HbA1c: AGE-

RAGE signaling activates NFκB only when AGEs accumulate beyond a threshold,11 (2) 

BP: Starling forces disrupt endothelial tight junctions only above a pressure threshold,23 

and (3) glycemic variability: oxidative stress acts as a potent signaling molecule that 

activates various pro-inflammatory and pro-angiogenic pathways.34  

 

A.3.1.3.4 Linear BP term 

The effect of hypertension on VEGF is likely dose-dependent (no saturation observed 

clinically), therefore a linear term is reasonable.  

 

A.3.1.3.5 Linear Glycemic Variability term 

A linear relationship is a reasonable starting point for modeling the effect of glycemic 

variability. While biological responses can be complex, a simple linear driver provides 

a direct and interpretable link between glycemic variability and VEGF production. This 

can be refined later if data suggests a non-linear relationship (e.g., using a threshold or 

saturating function). For now, a linear term implies that any increase in variability, 

even from low levels, contributes to VEGF production, which is plausible. 
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A.3.1.3.6 VEGF decay (𝛾-) 

VEGF decay follows first-order kinetic process, which is justifiable for a relatively well-

mixed compartment like the vitreous humor. Enzymatic degradation and receptor-

mediated uptake (if not saturated) are proportional to the amount of available VEGF. 

Diffusion/bulk flow clearance for small molecules are often approximated as first-

order.46 

 

A.3.1.3.7 Anti-VEGF effect 

The use of a constant parameter (𝛿-) representing the maximum rate of VEGF removal 

due to anti-VEGF therapy, is justified for the purpose of modeling dosing intervals in 

clinical practice. This approach captures the peak pharmacodynamic effect of anti-

VEGF immediately following administration, which is the most clinically relevant 

period for determining where re-treatment may be necessary. By focusing on the time, 

it takes for VEGF levels to rise again after being maximally suppressed, the model can 

predict when therapeutic efficacy begins to wane—informing appropriate dosing 

intervals. This simplification avoids unnecessary complexity in modeling drug kinetics 

while still providing a biologically meaningful and clinically actionable representation 

of anti-VEGF activity over time. 

 

Binary 𝑰(𝒕). This modeling approach employs discrete, rather than continuous, anti-

VEGF administration to align with real-world clinical protocols and enhance practical 

utility. The primary objective is direct clinical translation. Utilizing a binary 

representation for 𝐼(𝑡) (indicating presence or absence of drug effect) offers sufficient 

predictive power for determining optimal injection intervals. This aligns with the 

clinically pragmatic nature of binary decisions (e.g., “extend” or “do not extend” 

treatment intervals), facilitating straightforward application in real-world patient 

management. 

 

The use of a Michaelis-Menten kinetic for anti-VEGF effect makes excellent biological 

and medical sense due to the principle of saturable binding and drug kinetics. At low 

VEGF concentration (𝑉(𝑡) ≤ 𝐾2), the removal rate is approximately linear with VEGF 

concentration. At high VEGF concentration (𝑉(𝑡) > 𝐾2), the removal rate approaches a 
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maximum value (𝛿-). This signifies that anti-VEGF drug’s binding capacity or 

neutralizing capacity becomes saturated, and it can only remove VEGF at a maximum 

rate, regardless of how much more VEGF is present. This is crucial for understanding 

why very high VEGF levels might not be fully controlled by a fixed dose of anti-VEGF.47 
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A.3.2 Macular Edema Dynamics (!4($)
!$

) 

A.3.2.1 Biological Basis and Supporting Evidence 

Fluid accumulation in the macula disrupts the precise architecture of the 

photoreceptors, leading to impaired visual acuity. The underlying pathophysiology of 

DME is multifaceted, involving a complex interplay of vascular abnormalities, 

inflammatory processes, and metabolic dysregulation, primarily driven by chronic 

hyperglycemia and associated systemic co-morbidities. The dynamics of DME are 

rooted in a balance between fluid extravasation from the retinal blood vessels and its 

subsequent clearance from the macula, modulated by various physiological and 

therapeutic factors. 

 

A.3.2.1.1 VEGF-Driven Leakage: The Primary Driver of Fluid Extravasation 

VEGF is a significant pathological mediator of vascular permeability in DME.48 In 

hyperglycemic conditions, retinal cells (pericytes, endothelial cells, Müller cells) 

become hypoxic or metabolically stressed, leading to an up-regulation of VEGF 

production.11 Elevated intraocular VEGF directly increases vascular permeability. VEGF 

binds to its receptors (VEGFR-2) on endothelial cells, leading to phosphorylation of 

tight junction proteins (e.g., occludins, claudins, zonula occludens-1), disruption of 

intercellular junctions, and formation of fenestrations.49-53 This compromise of the BRB 

allows plasma components, including fluid and proteins, to leak into the retinal 

extracellular space, forming edema.  

The leakage is not endlessly linear with increasing VEGF concentration. Endothelial 

cell receptors for VEGF can become saturated at high VEGF levels (Michaelis-Menten 

kinetics). There is a physiological delay between the increase in VEGF concentration 

and the onset of measurable fluid extravasation. This lag time (𝜏) accounts for the 

cascade of events required for VEGF to induce changes in endothelial cell 

permeability, including receptor binding, intracellular signaling, and subsequent 

structural alterations to vessel integrity. This is consistent with clinical observations 

where treatment effects on fluid resolution are not instantaneous.54,55   

Anti-VEGF therapy is the cornerstone of DME management. While their primary action 

is to neutralize VEGF, this neutralization rapidly reduces vascular permeability, which 

subsequently leads to a more efficient resolution of existing fluid.56,57 
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A.3.2.1.2 Fluid Clearance: Modulated by Systemic Factors and Treatment 

The resolution of DME depends on the effective removal of accumulated fluid by the 

retinal drainage systems. This clearance is a dynamic process influenced by baseline 

physiological mechanisms, systemic blood pressure, and therapeutic interventions. 

Baseline passive fluid clearance (active transport systems, diffusion, and bulk flow into 

the RPE and choroidal circulation) is fundamental for maintaining retinal homeostasis, 

even under pathological conditions.58 The role of hypertension in the development and 

progression of DME was discussed in section A.3.1.1.2 

 

A.3.2.1.3 Glycemic Variability-VEGF Synergy Effect: A Potentiating Factor 

The role of glycemic variability was discussed in section A.3.1.1.3. glycemic variability 

can potentiate the detrimental effects of VEGF on vascular leakage synergistically. This 

means that even at moderate VEGF levels, high glycemic variability can significantly 

amplify leakage, driving edema formation.29-32,59 

 

A.3.2.1.4 Summary 

This comprehensive biological framework underscores that DME is a dynamic process 

shaped by a complex interplay of VEGF-driven permeability, multifactorial fluid 

clearance mechanisms, and the exacerbating influence of glycemic variability, 

providing a robust foundation for the subsequent equation (2). 

 

A.3.2.2 Equation (2): Macular Edema Dynamics 

The rate of change in central macular thickness is modeled as: 

𝑑𝐶(𝑡)
𝑑𝑡 = 𝐿(𝑉(𝑡), 𝐺(𝑡)) − 𝐹clear(𝐵(𝑡), 𝐼(𝑡)) · 𝐶(𝑡) 

where: 

• 𝐿(𝑉, 𝐺)  is the total leakage function into the retina, which depends on VEGF 

and glycemic variability. 
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• 𝐹clear is the total fluid clearance rate function, which depends on systemic 

blood pressure and anti-VEGF treatment. 

Leakage Term 𝐿(𝑉, 𝐺): Retinal leakage is driven by two interconnected pathways: 

1. A primary, saturable pathway directly activated by VEGF, following Michaelis-

Menten kinetics with a time lag 𝜏. 

2. A secondary, VEGF-dependent pathway that is modulated by glycemic 

variability. This term captures the hypothesis that oxidative stress from high 

glycemic variability creates a permissive environment that enables additional 

leakage proportional to the present VEGF level. 

𝐿(𝑉, 𝐺) =Saturable VEGF Leakage + glycemic variability -modulated VEGF 

Leakage 

                    = 𝑘- ·
"($56)

0!1"($56)
+ 𝜎, · max(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡) 

 

Clearance Term 𝐹clear: Fluid clearance is modeled as a first-order process proportional 

to the existing thickness 𝐶(𝑡). The clearance rate constant is impaired by elevated 

blood pressure and enhanced by anti-VEGF therapy. 

𝐹789.: = [𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵(𝑡) − 𝐵()
+ 𝛿7 · 𝐼(𝑡)] · 𝐶(𝑡) 

Full combined equation: 

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡 − 𝜏)
𝐾2 + 𝑉(𝑡 − 𝜏) + 𝜎, · max

(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡) 

−[𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵(𝑡) − 𝐵()
+ 𝛿7 · 𝐼(𝑡)] · 𝐶(𝑡) 
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where 

• 𝐶(𝑡) : Central macular thickness at time 𝑡 (µm) 

• 𝑉(𝑡) : VEGF concentration at time 𝑡 (pg•mL-1) 

• 𝜏 : Time lag for VEGF effect on vascular permeability (days) 

• 𝑘-  : Maximal rate of the saturable VEGF leakage pathway (µm•day-1)  

• 𝐾2   : Michaelis constant for the saturable leakage pathway (pg•mL-1) 

• 𝜎,  : Coefficient for glycemic variability -modulated leakage (µm•day-

1•(pg/mL)-1•%CV-1) 

• 𝐺(𝑡) : glycemic variability at time 𝑡 (percent coefficient of variation, %CV) 

• 𝐺( : Threshold of glycemic variability for activating the secondary leakage 

pathway (%CV) 

• 𝑘7(  : Baseline passive clearance rate constant (day-1) 

• 𝑘7;  : Amplitude of the pressure-sensitive clearance component (day-1) 

• 𝛽 : Coefficient for blood pressure impairment of clearance (mmHg-1) 

• 𝐵(𝑡) : Systolic blood pressure at time 𝑡	(mm Hg)  

• 𝐵( : Blood pressure threshold for impairing clearance (mm Hg)  

• 𝛿7 : Anti-VEGF treatment-enhanced clearance rate constant (day-1)  

• 𝐼(𝑡) : Anti-VEGF treatment indicator (binary: 1 at injection, 0 otherwise) 
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A.3.2.3 Interpretation and Plausibility of Equation (2) 

Equation (2) captures the temporal evolution of central macular thickness 𝐶(𝑡) as 

influenced by VEGF-mediated leakage, clearance mechanisms modulated by BP and 

anti-VEGF therapy, and the synergistic interaction between glycemic variability and 

VEGF. 

 

A.3.2.3.1 Saturable VEGF-Driven Leakage 

This term models the leakage of fluid into the retinal tissue driven by VEGF. VEGF-A 

increases endothelial permeability by altering the integrity of tight junctions in retinal 

capillaries, promoting protein-rich plasma extravasation into the extracellular space.60 

The use of a Michaelis-Menten-type saturation function reflects the fact that VEGF 

receptors (VEGF-2 in particular) become saturated at higher VEGF concentrations, 

beyond which further increases in VEGF do not linearly increase leakage. This concept 

is supported by studies showing that VEGF-induced permeability exhibits a nonlinear 

dose-response relationship.49-53 The delay term 𝝉	(1-2 days) captures the lag between 

VEGF elevation and peak leakage, consistent with biological observations in both 

experimental diabetic retinopathy and VEGF-injection models, where fluid 

accumulation occurs with a latency after VEGF exposure.54,55  

 

A.3.2.3.2 Blood Pressure and Treatment-Dependent Fluid Clearance 

𝒌𝒄𝟎	models baseline passive reabsorption of interstitial fluid through the retinal 

pigmented epithelium (RPE) and choroid.  

𝒌𝒄𝟏
𝟏1𝜷·𝐦𝐚𝐱(𝟎,𝑩(𝒕)5𝑩𝟎)

	represents dynamic clearance that is inversely dependent on the 

systemic BP. Elevated BP may impair clearance by increasing hydrostatic pressure in 

the retinal capillaries, thus opposing the transretinal osmotic gradient required for fluid 

reabsorption. Shah et al have shown that hypertensive patients with DME have more 

persistent edema and require more frequent anti-VEGF therapy.19  

𝜹𝒄 · 𝑰(𝒕) accounts for enhanced clearance induced by anti-VEGF therapy. VEGF 

inhibition restores endothelial integrity and reduced fluid ingress, indirectly improving 

the function of clearance mechanisms. Anti-VEGF also down-regulates inflammatory 
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cytokines that may block fluid outflow pathways, supporting its inclusion as a 

clearance-boosting factor.61  

The entire expression in multiplied by 𝑪(𝒕), consistent with first-order kinetics where 

greater fluid volume drives faster reabsorption, until a clearance capacity become 

saturated or impaired. 

 

A.3.2.3.3 Glycemic Variability-VEGF Synergy Effect 

This term models the amplifying effect of glycemic variability on VEGF-induced 

vascular dysfunction. glycemic variability is an independent risk factor for endothelial 

damage and oxidative stress in DME; it promotes AGEs, mitochondrial dysfunction, 

and inflammation, all of which sensitize retinal vessels to VEGF-mediated 

permeability.24,27  

The multiplicative form of max(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡)	is biologically justified: while VEGF 

inherently causes leakage, this effect is potentiated in a pro-inflammatory, pro-

oxidative environment driven by glycemic variability. Both in vitro and in vivo studies, 

have shown hyperglycemic oscillations to exaggerate VEGF expression and endothelial 

response to VEGF stimuli.30-33,59 Therefore, this term models a pathological synergy 

where glycemic variability primes the retina to respond more aggressively to even 

modest VEGF levels. 

  



17 
 

A.4 Phase-Plane Analysis 

To move from the formulation of the model to an understanding of its clinical 

implications, we perform a phase-plane analysis. This examines the long-term behavior 

(equilibria and stability) of the coupled system of VEGF and macular thickness under 

different clinical scenarios, revealing the fundamental dynamics that dictate treatment 

response and recurrence. 

 

A.4.1 Case 1 (Baseline Scenario): Controlled Systemic Parameters; 𝑯(𝒕) = 𝑯𝟎, 𝑩(𝒕) =

𝑩𝟎, 𝑮(𝒕) = 𝑮𝟎, No Treatment (𝑰(𝒕) = 𝟎) [Figure A1]  

In this baseline scenario, systemic parameters related to the disease progression are 

kept at their healthy or threshold levels. This means HbA1c (H(t)) is at its baseline (𝐻(), 

BP and glycemic variability are at their thresholds (𝐵(  and 𝐺(). Under these controlled 

conditions, the production terms for VEGF due to elevated HbA1c, BP, and glycemic 

variability would be zero. The system’s equilibrium points are found by setting the 

rates of change to zero, yielding the nullclines. 

 

A.4.1.1 VEGF nullcline (𝒅𝑽
(𝒕)
𝒅𝒕

= 𝟎): With 𝑯(𝒕) = 𝑯𝟎, 𝑩(𝒕) = 𝑩𝟎, 𝑮(𝒕) = 𝑮𝟎, and 𝑰(𝒕) =

𝟎 

From equation (1):  

𝑑𝑉(𝑡)
𝑑𝑡 = 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() 

+𝛼, · max(0, 𝐺(𝑡) − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 𝐼(𝑡) ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

0							 = 𝛼( + 𝛼) · max(0,𝐻( − 𝐻()* + 𝛼+ · max(0, 𝐵( − 𝐵() 

+𝛼, · max(0, 𝐺( − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 0 ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

										= 𝛼( + 𝛼) · 0 + 𝛼+ · 0 + 𝛼, · 0 − 𝛾- · 𝑉(𝑡) − 0 

											= 𝛼( − 𝛾- · 𝑉(𝑡) 
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Thus:				𝛼( = 𝛾- · 𝑉(𝑡) 

𝑉(𝑡) =
𝛼(
𝛾-

 

𝑉*I8878/*9 represents a stable, basal VEGF concentration essential for physiological 

function, as indicated by the presence of the basal VEGF production rate (𝛼(). This 

reflects the physiological necessity of a baseline VEGF concentration for normal 

vascular function, even in the absence of pathological stimuli. 

The nullcline represents an equilibrium where the rate of VEGF production is precisely 

balanced by its removal rates. This equation shows a complex interplay between basal 

production (𝛼(), natural VEGF decay (𝛾-). This specific nullcline represents the minimal 

steady-state VEGF level achievable when HbA1c, BP, and glycemic variability are all 

at their respective physiological thresholds (𝐻(, 𝐵(, 𝐺(). Under these ideal conditions, 

the pathological VEGF production pathways driven by these systemic risk factors are 

entirely suppressed or inactive. Therefore, VEGF dynamics are governed by intrinsic 

production and distinct clearance mechanism (linear natural decay). 

 

A.4.1.2 Central Macular Thickness (!4
($)
!$

= 0): With 𝑯(𝒕) = 𝑯𝟎, 𝑩(𝒕) = 𝑩𝟎, 𝑮(𝒕) = 𝑮𝟎, 

and 𝑰(𝒕) = 𝟎 

From equation (2):  

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡 − 𝜏)
𝐾2 + 𝑉(𝑡 − 𝜏) + 𝜎, · max

(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡) 

−[𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵(𝑡) − 𝐵()
+ 𝛿7 · 𝐼(𝑡)] · 𝐶(𝑡) 

Since the delay 𝜏 is small, and the system is in steady state, 𝑉(𝑡 − 𝜏) ≈ 𝑉(𝑡) 

0 = 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · max
(0, 𝐺( − 𝐺() · 𝑉(𝑡) 

−[𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵( − 𝐵()
+ 𝛿7 · 0] · 𝐶(𝑡) 

					= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 0 · 𝑉
(𝑡) 
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−[𝑘7( +
𝑘7;

1 + 𝛽 · 0 + 𝛿7 · 0] · 𝐶(𝑡) 

					= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) − [𝑘7( + 𝑘7;] · 𝐶(𝑡) 

Thus: 

[𝑘7( + 𝑘7;] · 𝐶(𝑡) 	= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

𝐶(𝑡) 	=
𝑘-

𝑘7( + 𝑘7;
·

𝑉(𝑡)
𝐾2 + 𝑉(𝑡)

 

The central macular thickness nullcline, 𝐶*I8878/*9 indicates that the steady-state central 

macular thickness. It is directly related to the VEGF concentration at the lagged time 

point 𝑉(𝑡 − 𝜏) in a saturable kinetics, characteristics of a Michaelis-Menten-like 

behavior. At low VEGF levels (when 𝑽(𝒕) ≪ 𝑲𝒎, the equation simplifies to: 

𝐶*I8878/*9 ≈
𝑘-

𝑘7( + 𝑘7;
·
𝑉(𝑡)
𝐾2

 

In this regime, the steady-state central macular thickness is approximately linearly 

proportional to the VEGF concentration. At high VEGF levels (when 𝑽(𝒕) ≫ 𝑲𝒎), the 

equation simplifies to: 

𝐶*I8878/*9 ≈
𝑘-

𝑘7( + 𝑘7;
·
𝑉(𝑡)
𝑉(𝑡) =

𝑘-
𝑘7( + 𝑘7;

 

In this regime, the central macular thickness approaches a maximum plateau, 

determined by the maximal leakage rate and the total clearance capacity, regardless of 

further increases in VEGF. 

The steady-state central macular thickness is inversely proportional to the sum of the 

baseline passive fluid clearance (𝑘7() and the dynamic fluid clearance (𝑘7;). This means 

that higher inherent capabilities to remove fluid from the macula (stronger clearance 

mechanisms) lead to lower equilibrium fluid accumulation. It is also directly 

proportional to the maximal leakage rate (𝑘-). A greater inherent tendency for the 
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retinal blood vessel to leak fluid will result in a proportionally higher equilibrium level 

of the macular edema. 

In essence, 𝐶*I8878/*9 describes the equilibrium central macular thickness that would be 

established purely by the dynamic between the inherent (saturable) VEGF-driven fluid 

leakage and the intrinsic physiological fluid clearance mechanisms, under conditions 

where systemic risk factors (BP, glycemic variability) are well controlled and no anti-

VEGF treatment is applied. 

 

A.4.1.3 Phase Plane Portrait 

2.4.1.3.1 Equilibrium point 

When 𝑉(𝑡) = K%
L&

: 

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡)
𝐾2 + 𝑉(𝑡)

− [𝑘7( + 𝑘7;] · 𝐶(𝑡) 

														= 𝑘- ·

𝛼(
𝛾-

𝐾2 + 𝛼(𝛾-
− [𝑘7( + 𝑘7;] · 𝐶(𝑡) 

When !4
($)
!$

= 0: 

		0		 = 𝑘- ·

𝛼(
𝛾-

𝐾2 + 𝛼(𝛾-
− [𝑘7( + 𝑘7;] · 𝐶(𝑡) 

𝐶(𝑡) 		=
𝑘-

𝑘7( + 𝑘7;
·

𝛼(
𝛾-

𝐾2 +
𝛼(
𝛾-

 

Thus, the equilibrium point: 

(	
𝛼(
𝛾-
	 ,

𝑘-
𝑘7( + 𝑘7;

·

𝛼(
𝛾-

𝐾2 + 𝛼(𝛾-
	) 
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A.4.1.3.2 Vectors along the 𝑉*I8878/*9 

 

When !4
($)
!$

> 0:  

 

𝑘- ·

𝛼(
𝛾-

𝐾2 + 𝛼(𝛾-
− [𝑘7( + 𝑘7;] · 𝐶(𝑡) > 0 

𝐶(𝑡) < M&
M'%1M'(

·
)%
*&

0!1
)%
*&

   (vectors point upward)  

Conversely, when !4
($)
!$

< 0: 

𝐶(𝑡) > M&
M'%1M'(

·
)%
*&

0!1
)%
*&

  (vectors point downward) 

 

2.4.1.3.3 Vectors along the 𝐶*I8878/*9 

From section A.4.1.1, when !"($)
!$

= 0: 

𝑉(𝑡) =
𝛼(
𝛾-

 

when !"($)
!$

> 0: 

𝑉(𝑡) < K%
L&

  (vectors point rightward)  

Conversely, when !"($)
!$

< 0: 

𝑉(𝑡) > K%
L&

  (vectors point leftward)  
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A.4.1.3.4 Stability of the equilibrium point 

From the phase plane portrait, the equilibrium point is a sink (stable). 

 

Figure A1: Phase plane analysis of central macular thickness (CMT) dynamics in Case 

1. 
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A.4.2 Case 2. Uncontrolled HbA1c, BP or Glycemic Variability. No treatment (𝑰(𝒕) =

𝟎) [Figure A2] 

This scenario explores the system’s behavior when key systemic parameters—

specifically HbA1c, BP or glycemic variability —are elevated and uncontrolled, in the 

absence of anti-VEGF treatment.  

 

A.4.2.1 𝑽𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆 shifts right. With increased HbA1c, BP, and/or glycemic variability 

(represented by 𝛥𝐻, 𝛥𝐵 and 𝛥𝐺	respectively), the pathological VEGF production terms 

become active. 𝑽𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆  (
!"($)
!$

= 0) shifts to the right, meaning a higher steady-state 

VEGF concentration is required to maintain equilibrium.  

 

From equation (1):  

𝑑𝑉(𝑡)
𝑑𝑡 = 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() 

+𝛼, · max(0, 𝐺(𝑡) − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 𝐼(𝑡) ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

When 𝐻, 𝐵 or 𝐺 are elevated beyond their thresholds (𝐻(, 𝐵(, 𝐺(), then at least one of 

the max	(0, … . . ) terms will be positive, contributing to increased VEGF production. 

 

Total VEGF production, termed as 𝑃"S,T: 

𝑃"S,T(𝐻(𝑡), 𝐵(𝑡), 𝐺(𝑡)

= 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() + 𝛼,
· max(0, 𝐺(𝑡) − 𝐺() 

Therefore, when !"($)
!$

= 0 

0 = 𝛼( + 𝛼) · max(0,𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() 

								+𝛼, · max(0, 𝐺(𝑡) − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 0 ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

					= 	𝑃"S,T − 𝛾- · 𝑉(𝑡) 
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Thus: 

𝑃"S,T = 𝛾- · 𝑉(𝑡) 

𝑉(𝑡) =
𝑃"S,T
𝛾-

 

This general form of the 𝑽𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆 shows that the steady-state VEGF level is a function 

of the current (potentially elevated) levels of HbA1c, BP, and glycemic variability, as 

they contribute to the total VEGF production, 𝑃"S,T. When these systemic parameters 

are uncontrolled and elevated, 𝑃"S,T  will be higher, leading to the higher steady-state 

VEGF concentration compared to the controlled scenario. 

 

A.4.2.2 𝑪𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆shifts up 

With increased HbA1c, BP, and/or glycemic variability (represented by 𝛥𝐻, 𝛥𝐵 and 

𝛥𝐺	respectively), the pathological VEGF production terms become active. 𝑪𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆 

(!4($)
!$

= 0) shifts up, meaning for any given VEGF level, the steady-state central macular 

thickness will be higher than it would be under controlled conditions.  

From equation (2):  

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡 − 𝜏)
𝐾2 + 𝑉(𝑡 − 𝜏) + 𝜎, · max

(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡) 

−[𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵(𝑡) − 𝐵()
+ 𝛿7 · 𝐼(𝑡)] · 𝐶(𝑡) 

Since the delay 𝜏 is small, and the system is in steady state, 𝑉(𝑡 − 𝜏) ≈ 𝑉(𝑡) 

0 = 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡) 

				−[𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7 · 0] · 𝐶(𝑡) 

				= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡) − [𝑘7( +

𝑘7;
1 + 𝛽 · 𝛥𝐵] · 𝐶(𝑡) 

Thus: 

[𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵] · 𝐶(𝑡) = 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡) 
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𝐶(𝑡) = 			
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵

		 · [𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡)] 

This equation represents 𝑪𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆  when HbA1c, BP or glycemic variability are 

uncontrolled and elevated. In this general case, the terms involving max(0, 𝐵(𝑡) − 𝐵() 

and max(0, 𝐺(𝑡) − 𝐺()	remain active in the equation, reflecting their current (elevated) 

values and their influence on the steady-state central macular thickness. 

 

A.4.2.3 Phase Plane Portrait 

2.4.2.3.1 Equilibrium point 

When 𝑉(𝑡) = U+,-.
L&

: 

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑃"S,T
𝛾-

𝐾2 +
𝑃"S,T
𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

− [𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵] · 𝐶(𝑡) 

When !4
($)
!$

= 0: 

0 = 𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

− [𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵] · 𝐶(𝑡) 

[𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵] · 𝐶(𝑡) = 𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

 

𝐶(𝑡) =
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵

· [𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

] 

Thus, the new equilibrium point is  

(U+,-.
L&

, ;

M'%1
/'(

(01·34

· [𝑘- ·
5+,-.
*&

0!1
5+,-.
*&

+ 𝜎, · 𝛥𝐺 ·
U+,-.
L&

]) 
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A.4.2.3.2 Vectors along the 𝑽𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆: 

When !4
($)
!$

> 0: 

𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

− `𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵a · 𝐶
(𝑡) > 0 

𝐶(𝑡) <
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵

· [𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

] 

(vectors point upward) 

Conversely, when !4
($)
!$

< 0: 

𝐶(𝑡) >
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵

· [𝑘- ·

𝑃"S,T
𝛾-

𝐾2 + 𝑃"S,T𝛾-

+ 𝜎, · 𝛥𝐺 ·
𝑃"S,T
𝛾-

] 

(vectors point downward) 

 

 

A.4.2.3.3 Vectors along the 𝑪𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆: 

From section A.4.2.1, when !"($)
!$

= 0: 

𝑉(𝑡) =
𝑃"S,T
𝛾-

 

When !"($)
!$

> 0: 

𝑉(𝑡) < U+,-.
L&

   (vectors point rightward) 

Conversely, when !"($)
!$

< 0: 

𝑉(𝑡) > U+,-.
L&

   (vectors point leftward) 
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A.4.2.3.4 Stability of the equilibrium point 

From the phase plane portrait, the new equilibrium point is a sink (stable). 

 

Figure A2. Phase plane analysis of central macular thickness(CMT) dynamics in Case 2. 
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A.4.3 Case 3. Uncontrolled HbA1c ,BP or Glycemic Variability with anti-VEGF 

treatment (𝑰(𝒕) = 𝟏) [Figure A3] 

This scenario explores the system’s behavior with anti-VEGF treatment when key 

systemic parameters—specifically HbA1c, BP or glycemic variability —are elevated 

and uncontrolled. 

 

A.4.3.1 𝑽𝒏𝒖𝒍𝒍𝒄𝒍𝒊𝒏𝒆 shifts left. 

From equation (1): 

𝑑𝑉(𝑡)
𝑑𝑡 = 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() 

+𝛼, · max(0, 𝐺(𝑡) − 𝐺() − 𝛾- · 𝑉(𝑡) − 𝛿- · 𝐼(𝑡) ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

Total VEGF production, termed as 𝑃"S,T: 

𝑃"S,T(𝐻(𝑡), 𝐵(𝑡), 𝐺(𝑡)

= 𝛼( + 𝛼) · max(0, 𝐻(𝑡) − 𝐻()* + 𝛼+ · max(0, 𝐵(𝑡) − 𝐵() + 𝛼,
· max(0, 𝐺(𝑡) − 𝐺() 

Therefore, when !"
($)
!$

= 0: 

0 = 𝑃"S,T − 𝛾- · 𝑉(𝑡) − 𝛿- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

 

Thus: 

𝑃"S,T = 𝛾- · 𝑉(𝑡) + 𝛿- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) 

𝑃"S,T = 𝑉(𝑡) · `𝛾- +
𝛿-

𝐾2 + 𝑉(𝑡)a 

𝑃"S,T = 𝑉(𝑡) · [
𝛾-𝐾2 + 𝛾-𝑉(𝑡) + 𝛿-

𝐾2 + 𝑉(𝑡) ] 
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Multiply both sides by 𝐾2 + 𝑉(𝑡):  

  

𝑃"S,T · [𝐾2 + 𝑉(𝑡)] = 𝑉(𝑡) · [𝛾-𝐾2 + 𝛾-𝑉(𝑡) + 𝛿-] 

𝑃"S,T𝐾2 + 𝑃"S,T𝑉(𝑡) = 𝛾-𝐾2𝑉(𝑡) + 𝛾-𝑉(𝑡)V + 𝛿-𝑉(𝑡) 

Rearrange into a quadratic equation in terms of 𝑉(𝑡): 

𝛾-𝑉(𝑡)V − (𝑃"S,T − 𝛾-𝐾2 − 𝛿-) · 𝑉(𝑡) − 𝑃"S,T𝐾2 = 0 

This is a quadratic equation of the form 𝑎𝑥V + 𝑏𝑥 + 𝑐 = 0, where:  

𝑥 = 𝑉(𝑡), 

𝑎 = 	𝛾- , 

𝑏 = −(𝑃"S,T − 𝛾-𝐾2 − 𝛿-), 

𝑐 = −𝑃"S,T𝐾2 

The VEGF nullcline, 𝑉*I8878/*9	is given by the positive real solution of the quadratic 

equation using the quadratic formula: 

   

𝑉*I8878/*9 =
5𝒃1X𝒃𝟐5𝟒𝒂𝒄

𝟐𝒂
  

=
(𝑃"S,T − 𝛾-𝐾2 − 𝛿-) + g(𝑃"S,T − 𝛾-𝐾2 − 𝛿-)V + 4𝛾-𝑃"S,T𝐾2

2𝛾-
 

 

The nullcline represents a new equilibrium with a complex interplay between basal 

production (𝛼(), natural VEGF decay (𝛾-), and anti-VEGF mediated removal (𝐾2  

and	𝛿-). The saturable nature of VEGF removal implies that while anti-VEGF can 

significantly reduce VEGF at lower concentrations, there’s a limit to how much VEGF it 

can clear, even if VEGF levels continue to rise. This means that if basal production (𝛼() 

is very high, VEGF may still reach a significant steady state despite treatment.  

The presence of the square root and the Michaelis-Menten term (implicitly in the 

derivation leading to the quadratic formula) means that the steady-state VEGF level is 

not a simple linear function of its influencing parameters. The interaction between 

natural decay and saturable anti-VEGF removal creates a more complex, non-linear 

equilibrium.   
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A.4.3.2 𝐶*I8878/*9 shifts down 

From equation (2):  

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡 − 𝜏)
𝐾2 + 𝑉(𝑡 − 𝜏) + 𝜎, · max

(0, 𝐺(𝑡) − 𝐺() · 𝑉(𝑡) 

−[𝑘7( +
𝑘7;

1 + 𝛽 · max(0, 𝐵(𝑡) − 𝐵()
+ 𝛿7 · 𝐼(𝑡)] · 𝐶(𝑡) 

Since the delay 𝜏 is small, and the system is in steady state, 𝑉(𝑡 − 𝜏) ≈ 𝑉(𝑡): 

0 = 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡) − [𝑘7( +

𝑘7;
1 + 𝛽 · 𝛥𝐵 + 𝛿7 · 1] · 𝐶(𝑡) 

		= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡)
+ 𝜎, · 𝛥𝐺 · 𝑉(𝑡) − [𝑘7( +

𝑘7;
1 + 𝛽 · 𝛥𝐵 + 𝛿7] · 𝐶(𝑡) 

Thus: 

[𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7] · 𝐶(𝑡) 	= 𝑘- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉
(𝑡) 

𝐶(𝑡) =
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7
· [𝑘- ·

𝑉(𝑡)
𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉

(𝑡)] 

This equation represents the effect of anti-VEGF on the 𝐶*I8878/*9	when HbA1c, BP or 

glycemic variability are uncontrolled and elevated. In this general case, the terms 

involving max(0, 𝐵(𝑡) − 𝐵()	and max(0, 𝐺(𝑡) − 𝐺()	remain active in the equation, 

reflecting their current (elevated) values and their influence on the steady-state central 

macular thickness.  
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A.4.3.3 Phase Plane Portrait 

A.4.3.3.1 Equilibrium point 

Let  

𝑉*I8878/*9 = 𝐹 =
(𝑃"S,T − 𝛾-𝐾2 − 𝛿-) + g(𝑃"S,T − 𝛾-𝐾2 − 𝛿-)V + 4𝛾-𝑃"S,T𝐾2

2𝛾-
 

 

 

𝑑𝐶(𝑡)
𝑑𝑡 = 𝑘- ·

𝑉(𝑡)
𝐾2 + 𝑉(𝑡) + 𝜎, · 𝛥𝐺 · 𝑉

(𝑡) − [𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7] · 𝐶(𝑡) 

= 𝑘- ·
𝐹

𝐾2 + 𝐹 + 𝜎, · 𝛥𝐺 · 𝐹 − [𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7] · 𝐶(𝑡) 

When !4
($)
!$

= 0: 

 𝐶(𝑡) = ;

M'%1
/'(

(01·341\'
· [𝑘- ·

T
0!1T

+ 𝜎, · 𝛥𝐺 · 𝐹] 

 

 

A.4.3.3.2 Vectors along the 𝑉*I8878/*9 

When !4
($)
!$

> 0: 

 𝑘- ·
T

0!1T
+ 𝜎, · 𝛥𝐺 · 𝐹 − i𝑘7( +

M'(
;1]·^+

+ 𝛿7j · 𝐶(𝑡) > 0 

 

Thus 

𝐶(𝑡) <
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7
· [𝑘- ·

𝐹
𝐾2 + 𝐹 + 𝜎, · 𝛥𝐺 · 𝐹] 

(vectors point upward). 

 

Conversely, when !4
($)
!$

< 0: 

𝐶(𝑡) >
1

𝑘7( +
𝑘7;

1 + 𝛽 · 𝛥𝐵 + 𝛿7
· [𝑘- ·

𝐹
𝐾2 + 𝐹 + 𝜎, · 𝛥𝐺 · 𝐹] 

(vectors point downward). 
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A.4.3.3.3 Vectors along the 𝐶*I8878/*9 

From section A.4.3.1, when !"
($)
!$

= 0: 

𝑃"S,T − 𝛾- · 𝑉(𝑡) − 𝛿- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) = 0 

when !"
($)
!$

> 0: 

𝑃"S,T − 𝛾- · 𝑉(𝑡) − 𝛿- ·
𝑉(𝑡)

𝐾2 + 𝑉(𝑡) > 0 

Rearrange into a quadratic equation in terms of 𝑉(𝑡):  

𝛾-𝑉(𝑡)V − (𝑃"S,T − 𝛾-𝐾2 − 𝛿-) · 𝑉(𝑡) − 𝑃"S,T𝐾2 < 0 

The roots are: 

(U+,-.5L&0!5\&)5X(U+,-.5L&0!5\&)71_L&U+,-.0!
VL&

 and 

(𝑃"S,T − 𝛾-𝐾2 − 𝛿-) + g(𝑃"S,T − 𝛾-𝐾2 − 𝛿-)V + 4𝛾-𝑃"S,T𝐾2
2𝛾-

 

Therefore !"
($)
!$

> 0,  

when 𝛾-𝑉(𝑡)V − (𝑃"S,T − 𝛾-𝐾2 − 𝛿-) · 𝑉(𝑡) − 𝑃"S,T𝐾2 < 0, 

when  

0 < 𝑉 <
(𝑃"S,T − 𝛾-𝐾2 − 𝛿-) + g(𝑃"S,T − 𝛾-𝐾2 − 𝛿-)V + 4𝛾-𝑃"S,T𝐾2

2𝛾-
 

(vectors point rightward) 

 

Conversely !"
($)
!$

< 0, 

when 𝛾-𝑉(𝑡)V − (𝑃"S,T − 𝛾-𝐾2 − 𝛿-) · 𝑉(𝑡) − 𝑃"S,T𝐾2 > 0, 

when 𝑉 > (U+,-.5L&0!5\&)1X(U+,-.5L&0!5\&)71_L&U+,-.0!
VL&

 

(vectors point leftward). 
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Figure A3. Phase plane analysis of central macular thickness(CMT) dynamics in Case 3. 

 

 



34 
 

A.4.3.3.4 Stability of the equilibrium point 

From the phase plane portrait, the new equilibrium point is a sink (stable). However, 

the observed stability is fundamentally treatment-dependent. The system’s equilibrium 

is not globally stable; it is conditionally stable, entirely reliant on the presence of active 

anti-VEGF. This becomes critically apparent when the anti-VEGF wears off and its 

effect diminishes. At this point, the mathematical nature of the equilibrium changes 

dramatically: the sink disappears. 

 

Once the anti-VEGF effect wanes, the system’s behavior reverts to that of Case 2, 

which describes an uncontrolled state without treatment. The trajectory, previously 

drawn towards the temporary sink, now drifts away from the stable point, inevitably 

towards a pathological attractor if one exists in the absence of intervention. This 

mirrors the real-world pharmacodynamics of anti-VEGF therapies. Their VEGF-

suppressing effect is saturable and temporary (27-42 days for ranibizumab, 3-8 weeks 

for brolucizumab, 6-8 weeks for aflibercept) 62,63.   

 

Without re-injection, VEGF levels rebound, and macular edema recurs, providing the 

biological rationale for chronic monthly or treat-and-extend dosing regimens. The 

equilibrium established in case 3 is thus not a permanent solution but rather a dynamic 

balance maintained by continuous treatment, highlighting the mechanism behind 

relapse and the need for ongoing therapy in the DME management.
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A.4.4 Model-Derived Equilibrium States: Implications for DME management [Figure 

A4] 

Figure A4 shows the relative positions of equilibrium points in case 1, case 2, and case 

3. It visually emphasized the healthier equilibrium achieved with systemic control 

(Case 1) compared to the pathological equilibrium or attractor of uncontrolled systemic 

parameters (Case 2). This figure powerfully illustrates how anti-VEGF treatment (Case 

3) forces the system into a more desirable, albeit conditionally stable equilibrium, 

which is distinct from the underlying pathological state of case 2. 

 

This figure distinctly underscores the pivotal role of systemic management in DME. 

This observed beneficial effect, specifically the reduction or absence of pathological 

VEGF production, directly results from the effective control of systemic factors such as 

HbA1c, BP, and glycemic variability. While the intravitreal anti-VEGF therapy, as 

illustrated in Case 3, effectively manages the downstream consequences of 

uncontrolled systemic conditions, its efficacy is continuously challenged by ongoing 

pathological VEGF production if these underlying systemic issues persist. By mitigating 

this excessive VEGF drive through robust systemic management, the model implicitly 

demonstrates a multifaceted improvement. This approach can reduce the burden of 

anti-VEGF therapy, potentially allowing for extended treatment intervals and fewer 

injections. Furthermore, by addressing the root cause of vascular dysfunction, it can 

mitigate overall disease progression, aligning with the established long-term benefits 

seen in landmark studies like UKPDS and DCCT. Consequently, this leads to a 

significant reduction in treatment and financial burdens for both patients and 

healthcare systems. This crucial interplay between targeted local anti-VEGF 

intervention and comprehensive systemic control is fundamental to achieving optimal, 

sustainable outcomes in DME management.   
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Figure A4. Comparison of central macular thickness (CMT) dynamics in Case 1, Case 

2, and Case 3 within the phase plane. 
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A.4.5 Temporal Dynamics of Central Macular Thickness and Clinical Thresholds 

[Figure A5] 

Figure A5 provides a qualitative illustration of the proposed model’s hypothesized 

impact of metabolic control on central macular thickness dynamics over time. Patients 

are receiving regular intravitreal anti-VEGF treatment. This conceptual representation 

aims to highlight the differential long-term outcomes under two distinct scenarios: 

good metabolic control versus poor metabolic control. The figure’s vertical axis 

denoted central macular thickness in µm, while the horizontal axis represents time in 

months, overlaid with clinically relevant thresholds for target central macular 

thickness, anti-VEGF administration, and critical central macular thickness for vision 

decline. 

 

 

 

Figure A5. Hypothesized impact of metabolic control on central macular thickness 

dynamics over time. 
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In the scenario depicting good metabolic control (represented by black circles), the 

model qualitatively predicts a favorable long-term central macular thickness response. 

Following the initiation of anti-VEGF treatment, central macular thickness is shown to 

decrease effectively, eventually settling at a steady-state level that consistently remains 

below the threshold for anti-VEGF administration and often approaches the desired 

target central macular thickness. This suggests that when underlying systemic drivers of 

DME are well-managed, anti-VEGF therapy can achieve and sustain optimal 

anatomical outcomes, reflecting a more receptive ocular environment and reduced 

pathological VEGF drive. 

 

Conversely, the scenario illustrating poor metabolic control (represented by orange 

stars) demonstrates a less favorable central macular thickness trajectory, even with 

ongoing anti-VEGF treatment. While initial treatment may induce some reduction in 

central macular thickness, the long-term steady-state central macular thickness is 

hypothesized to remain persistently elevated. In this state, central macular thickness 

may hover consistently above the threshold for anti-VEGF administration and, at times, 

even near or above the critical central macular thickness for vision decline. This 

qualitative difference underscores the model’s prediction that unmitigated systemic 

factors continue to contribute to retinal vascular dysfunction and VEGF production, 

thereby limiting the full potential of anti-VEGF therapy. 
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The direct comparison within figure A5 profoundly illustrates the model’s central tenet: 

systemic metabolic control is an indispensable determinant of long-term anatomical 

outcomes in DME, even in the context of advanced anti-VEGF therapy. The distinct 

steady-state central macular thickness levels achieved under good versus poor 

metabolic control, despite uniform anti-VEGF intervention suggest that the efficacy of 

local treatment is significantly modulated by the systemic environment. This implies 

that controlling factors such as HbA1c, BP and glycemic variability can substantially 

reduce the residual pathological burden on the ocular system. 

 

From a clinical perspective, these qualitative predictions suggest that achieving and 

maintaining robust systemic metabolic control could translate into several significant 

benefits. Patients with well-controlled systemic parameters may require less intensive 

anti-VEGF regimens (e.g. longer treat-and-extend intervals), potentially leading to fewer 

injections, better sustained visual acuity, and ultimately, a reduced treatment and 

financial burden for both individuals and healthcare systems. It is important to note 

that this figure represents a conceptual prediction based on the proposed model’s 

qualitative analysis and serves to highlight hypothesized relationships for further 

quantitative investigation and empirical validation. 
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